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22.1
$\Omega$ . $\partial\Omega$
. $\{p_{1}, p_{2}, \ldots, p_{|I|}\}$ , $I$ .
, $i$ $\alpha_{i}$
$\Omega$ :
$\min_{x\in\Omega}(F(x)\equiv\sum_{i\in I}\alpha_{i}\Vert x-p_{(i)}\Vert^{2})$ , (1)
(i) $x$ $i$ , (i) $x$ .
(1) , $x$ ,
. 1 , Nickel and Puerto[4] , $Mu\tilde{n}oz$-P\’erez and
Saameno-Rodr\’iguez[3] .
, . ,
$i\in I$ $\alpha_{i}>0$ ,
$i\in I$ $\alpha_{i}<0$ , . ,
$\alpha_{1}=-\alpha_{|I|}>0$ and $\alpha_{2}=\cdots=\alpha_{|I|-1}=0$ .
1
er




$($ 1, 1, $\cdots,$ $1,1)$
center $(0,0, \cdots, 0,1)$ $+$ convex
$k$
k-centrum $(0, \cdots, 0,\hat{1,\cdots,1})$ $+$ convex
ce$nt$-dian $(\omega,$ $\omega,$ $\cdots$ $\omega,$ $1)$ , $(0\leq\omega\leq 1)$ convex
$n$
partial center $(0, \cdots, 0,1,\hat{0,\cdots,0})$ $+$
$m$ $m$
$\frac{trimmedmean\frac{0,,0}{},1,\cdots,1,\tilde{0,\cdots,0})+-}{pushanti- Weber-con}$
$(-1, -1, \cdots, -1, -1)$
anticenter $(-1,0, \cdots, 0,0)$
$k$
anti-k-centrum $(\tilde{-1,\cdots,-1},0, \cdots, 0)$








range $(-1,0,$ $\cdots,$ $0,1)$ $0$ convex
trimmed range $(\hat{0,\cdot\cdot 0}, -1,0, \cdots, 0,1,\hat{0,\cdot\cdot 0})m$. $,m$. , $0$ –
28
2.2
: Okabe et al.[11] .
$V_{i_{1},i_{2},\cdots,i_{|I|}}$ .
$V_{i_{1},i_{2},\cdots,i_{|I|}}\equiv\{x\in \mathbb{R}^{2}|\Vert x-p_{i_{1}}\Vert\leq\Vert x-p_{i_{2}}\Vert\leq ...\leq\Vert x-p_{i_{|I|}}\Vert\}$. (2)
$|$1 $V_{i_{1},i_{2},\cdots,i_{|I|}}$ . pi, $PJ$
. $\Omega$ $V_{i,i_{2},\ldots,i_{|I|}}l$ $\partial V$ .
(2) , (1) $F(x)$
$F( x)\equiv\sum_{k\in I}\alpha_{k}\Vert x-p_{i_{k}}\Vert^{2}$
, $x\in V_{i_{1},i_{3},\cdots,i_{|I|}}$ . (3)
, $i_{k}$ $x$ . $V_{i_{1},i_{2},\cdots,i_{|I|}}$ ,
.
$A$ $A \equiv\sum_{k\in I}\alpha_{k}$ . $A=0$ , (3) .
$F( x)=\langle x;\hat{p}_{i_{1},i_{2},\cdots,i_{|I|}}\rangle+\sum_{k\in I}\alpha_{k}\Vert p_{i_{k}}\Vert^{2}$
, $x\in V_{i_{1},i_{2},\cdots,i_{|I|}}$ , (4)
$\hat{p}_{i_{1},i_{2},\cdots,i_{|I|}}\equiv-2\sum_{k\in I}\alpha_{k}p_{i_{k}}$
. (5)
. , $F(x)$ , $V_{i_{1},i_{2},\cdots,i_{|I|}}$ $\hat{p}_{i_{1},i_{2},\cdots,i_{|I|}}$
. $A\neq 0$ , (3) (Francis and
White[l] $)$ .
$F( x)=A\Vert x-\overline{p}_{i_{1},i_{2},\cdots,i_{|I|}}\Vert^{2}+\sum_{k\in I}\alpha_{k}\Vert p_{i_{k}}-\overline{p}_{i_{1},i_{2},\cdots,i_{|I|}}\Vert^{2}$
, $x\in V_{i_{1},i_{2},\cdots,i_{|I|}}$ , (6)
,
$\overline{P}i_{1},i_{2},\cdots,i_{|I|}\equiv\frac{1}{A}\sum_{k\in I}\alpha_{k}p_{i_{k}}=-\frac{1}{2A}\hat{p}_{i_{1},i_{2}}$ ..., $i_{|I|}$ . (7)
. $F(x)$ , $A>0$ $\Vert x-\overline{p}_{i_{1},i_{2},\cdots,i_{|I|}}\Vert^{2}$
, $A<0$ . . , $A\neq 0$
l,i2, $\cdot\cdot\cdot$ ,i $|$ l $|$ $F(x)$ , $\overline{p}_{i_{1},i_{2},\cdots,i_{|I|}}$
. , $A>0$ $F(x)$ , $A<0$
$F(x)$ . $A$ . $A>0$
$F(x)$ $\Vert x-\overline{p}_{i_{1},i_{2},\cdots,i_{|I|}}\Vert\}$ , $A<0$ . ,
29
, $A>0$ , $A>0$
. , $F(x)$ .
, $\overline{P}t_{1},t_{2},\cdots,t_{|I|}$ $\overline{P}t_{1},i_{2},\cdots,i_{|I|}$ $V_{i_{1},i_{2},\cdots,i_{|I|}}\cap\Omega$
$\overline{P}$ .
1 $A>0$ , $F(x)$ $f^{*}$ $\overline{P}$ . $A\leq 0$ , $f^{*}$ $\partial V\cup\partial\Omega$
.
$A>0$ , $F(x)$ $V_{i_{1},i_{2},\cdots,i_{|I|}}$ , $F(x)$
$f^{*}$ , $\overline{P}$ . $f^{*}$
. $A\leq 0$ $F(x)$ . $V_{i_{1},i_{2},\cdots,i_{|I|}}$ , $F(x)$







1. $\partial V\cup\partial\Omega$ .
2. $A>0$ $\overline{P}$ , $A\leq 0$ $\partial V\cup\partial\Omega$ ,
$F(x)$ .
2 $f^{*}$ $O(|I|^{5}+|I|^{3}|\partial\Omega|)$ .




$\min_{x\in\Omega}(G(x)\equiv\sum_{i\in I}\beta_{i}\Vert x-p_{(i)}\Vert^{2})$ . (8)
$f^{*},$ $A,\hat{P}i_{1},i_{2},\cdots,i_{|I|},\overline{P}i_{1},i_{2},\cdots,i_{|I|}$ , $G(x)$ $g^{*},$ $B,\hat{q}_{i_{1},i_{2},\cdots,t_{|I|}},\overline{q}_{i_{1},t_{2},\cdots,i_{|I|}}$
.
, (1) (8) 2
:
$\min_{x\in\Omega}\{F(x), G(x)\}$ . (9)
30
,, . $E^{*}$ . $S\subseteq\Omega$ $(F, G)(S)\equiv$
$\{(F(x), G(x))|x\in S\}$ , $(F, G)(\Omega)$
$(F, G)(E^{*})$ . $E^{*}$ $f^{*}$ $g^{*}$ .
2
$\frac{criteria.sing1e- objectiveproblemsconvexityreference}{pu11vspullWebervs.centerconvex[7]}$
pull vs. push center vs. anti-center [8]
$\frac{partia1anti- centervs.partialcenter[10]}{pullvs.equityWebervs.meandifferenceconvex[9]}$
push vs. equity anti-Weber vs. mean difference concave [9]
2 , (9) .
, $p_{i_{1},i_{2},\ldots,i_{|I|}}$
:
(a-1) $F(x)$ $G(x)$ ;
(a-2) $F(x)$ $G(x)$ .
, .
32
$V_{i_{1},i_{2},\cdots,i_{|I|}}$ , $L_{i_{1},i_{2},\cdots,i_{|I|}}$ :
$\overline{P}i_{1},i_{2},\cdots,i_{|I|}$ $\overline{q}_{i_{1},i_{2},\cdots,i_{|I|}}$ , $- AB\neq 0$ ,
$L_{i_{1},i_{2},\cdots,i_{|I|}}=$ $\{$ $\overline{q}_{i_{1},i_{2},\cdots,i_{|I|}}$ $\hat{p}_{i_{1},i_{2},\ldots,i_{|I|}}$ , $A=0$ $B\neq 0$ ,
$\overline{P}i_{1},i_{2},\cdots,i_{|I|}$ $\hat{q}i_{1},i_{2},\cdots,i_{|I|}$ , $A\neq 0$ $B=0$ .
$L$ , $V_{i_{1},\iota \text{ }\cdots,i_{|I|}}\neq\emptyset$ $L_{i_{1},i_{2},\ldots,i_{|I|}}\cap V_{i_{1},i_{2},\cdots,i_{|I|}}\cap\Omega$
.
3 $E^{*}$ $\partial V\cup L\cup\partial\Omega$ .
, $\partial V\cup\partial\Omega$ $F(x)$ $G(x)$
. $F(x)$ , $A\neq 0$ $\overline{p}_{i\text{ },i_{2},\cdots,i_{|I|}}$
, $\hat{p}_{i_{1},i_{2},\cdots,i_{|I|}}$ . $G(x)$ , $B\neq 0$
$\overline{q}_{i_{1},i_{2},\cdots,i_{|I|}}$ , $\hat{q}_{i_{1},i_{2},\cdots,i_{|I|}}$ .
(a-1) , 2 $L_{i_{1},i_{2},\cdots,i_{|I|}}$ . $\blacksquare$
$AB>0$ , $\overline{p}_{i_{1,2},\ldots,i_{|I|}}$ $\overline{q}_{i_{1},i_{2},\cdots,i_{|I|}}$ .
$AB<0$ , 2 2 .
31
, . 3 ,
$\partial V\cup L\cup\partial\Omega$ . , $E^{*}$ .
33
$\partial V\cup\partial\Omega\cup L$ . $\partial V\cup\partial\Omega\cup L$




1. $\partial V\cup L\cup\partial\Omega$ .
2. $(F, G)(\partial V\cup L\cup\partial\Omega)$ .
3. .
4. .
4 $(F, G)(E^{*})$ $O((|I|^{4}+|I|^{2}|\partial\Omega|)(|I|+\log|\partial\Omega|))$
.
. , $\Omega$ $O((|I|^{4}+|\partial\Omega|)(|I|+$
$\log|\partial\Omega|))$ . , $F(x)$ $G(x)$ , 2
( , 4 ). ,





3 . $Q$ .
$|Q|$ . $q$ $Q$ $q$ . $|Q|$
.
$\min_{x\in\Omega}F^{q}(x)\equiv\sum_{i\in I}\alpha_{i}^{q}\Vert x-p_{(i)}\Vert^{2}$
, $q\in Q$ , (10)
$\alpha_{1}^{q},$ $\alpha_{2}^{q},$
$\cdots,$ $\alpha_{|I|}^{q}$ $q$ . $A^{q} \equiv\sum_{i\in I}\alpha_{i}^{q}$ . $F^{q}(x)$
, $q\in Q$ $A^{q}\geq 0$ .
$|Q|$ (10) ,
:
$\min_{x\in\Omega}\{F^{1}(x),$ $F^{2}(x),$ $\cdots,$ $F^{|Q|}(x)\}$ . (11)
32
, (11) $E^{*}$ ,
. , , , $y\in\Omega$
$q\in Q$ $F^{q}(y)\geq F^{q}(x)$ $x\in\Omega$ . (
$q\in Q$ $F^{q}(y)=F^{q}(x)$ $x=y$) ,
. . $F^{q}(x)$
( $A_{q}>0$), $p_{i}$ (
), :
(b-1) 2 1 ;
(b-2) $F^{q}$ $\Omega$ $f_{q}^{*}$ .
, (11) ( ) $E^{*}$ . $F^{q}(x)$ $F^{r}(x)$




$\min_{x\in \mathbb{R}^{2}}\{F^{1}(x),$ $F^{2}(x),$ $\cdots,$ $F^{|Q|}(x)\}$ .
$\mathbb{R}^{2}$
WE$(F^{1}, F^{2}, \cdots, F^{|Q|})$ .
(r-1) : WE$(F^{q}, F^{r})$ $f_{q}^{*}$ $f_{r}^{*}$
(Hansen et al.[2] ). , 2
.
(r-2) 3 : WE$(F^{q}, F^{r}, F^{B})$ WE$(F^{q}, F^{r}),$ $WE(F^{r}, F^{s})$ WE$(F^{s}, F^{q})$
(Rodr\’iguez-Ch\’ia and Puerto[13] )
(r-3) 4 :
$WE$
$(F^{1},F^{2}, \cdots, F^{|Q|})=\bigcup_{Q’\subset Q,|Q’|=3}WE(F^{q},q\in Q’)$
.
(Plastria and Carrizosa[12], Rodr\’iguez-Ch\’ia and Puerto[13] ).
, $S\subset \mathbb{R}^{2}$
, ( ) .
41 $S$ $\mathbb{R}^{d}$ . (P) :
$\min\{F^{1}, F^{2}, \cdots, F^{|Q|}|x\in S\}$ ,
$F^{q}(x)$ $\mathbb{R}^{d}$ . ,
(P’)
$\min\{G^{1}, G^{2}, \cdots, G^{|Q|}|x\in \mathbb{R}^{d}\}$
33
( ) (P) ( ) $\mathbb{R}^{d}$
$G^{q}(x)$ .
$q,$ $r\in Q$ , 3 , ( ) $E_{qr}^{*}$
$\partial V\cup L^{qr}\cup\partial\Omega$ . (r-1) , $E_{qr}^{*}$ $f_{q}^{*}$ $f_{r}^{*}$
, Ohsawa et al.[9]
.
$f_{q}^{*}$ ( , $\partial V\cup L^{qr}\cup\partial\Omega$ a ) ,
, $F^{r}(x)$ , $F^{q}(x)$
. a , $(F^{q}(a), F^{r}(a))$ $(F^{q}(x), F^{r}(x))$ - ,
. a
$e\neq 0$ , $(F^{q}, F^{r})$ - $(F^{q}(a), F^{r}(a))$ , a $e$
$F^{r}(x)$ $F^{q}(x)$
$\frac{DF^{r}(a)(e)}{DF^{q}(a)(e)}$ , (12)
. $DF^{q}(a)(e)$ a $e$ $F^{q}(x)$ .
a , $DF^{r}(a)(e)<0$ $DF^{q}(a)(e)>0$ $e$ , (12)
$e$ . a
, $F^{q}(x)$ $F^{q}(x)$
. , $f_{q}^{*}$ $f_{r}^{*}$ .
. a $e$ , $V_{i_{1},i_{2},\cdots,i_{|I|}}$
$A^{q}=0$ (4) , $A^{q}>0$ (6) .
$DF^{q}(a)(e)=\{\begin{array}{ll}\langle e;\hat{p}_{i_{1},i_{2},\cdots,i_{|I|}}^{q}\rangle, if A^{q}=0,2A^{q}\langle e;\overline{p}_{i_{1},i_{2},\cdots,i_{|I|}}^{q}-a\}, if A^{q}>0,\end{array}$
. (5) and (7) $\alpha_{k}^{q}$ $F^{q}(x)$ .
5 $E^{*}$ $\partial V\cup(\bigcup_{q\in Q}\bigcup_{r\in Q,q>r}L^{qr})\cup\partial\Omega$ .
(r-2) (r-3) , $E^{*}$ $E_{qr}^{*}$
. 3 , $E^{*}$ $\partial V\cup(\bigcup_{q\in Q}\bigcup_{r\in Q,q>r}L^{qr})\cup\partial\Omega$
. $\blacksquare$
43
3 5 , (11)
.
$\blacksquare$ 3
1. $\partial V\cup\partial\Omega$ . $q\in Q$ $f_{q}^{*}$ .
34
2. $q$ $r(\neq q)$ $\partial V\cup L^{qr}\cup\partial\Omega$ , $E_{qr}^{*}$
$\partial V\cup L^{qr}\cup\partial\Omega$ . $f_{q}^{*}$ $f_{r}^{*}$ .
3. $q,$ $r$ $s$ , $E_{qrs}^{*}$ $E_{qr}^{*},$ $E_{rs}^{*}$ $E_{sq}^{*}$
.
4. $E^{*}$ $E_{qrs}^{*}$ .
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